The number of nonrelativistic axions can be changed by inelastic reactions that produce photons or relativistic axions. Any odd number of axions can annihilate into two photons. Any even number of nonrelativistic axions can scatter into two relativistic axions. We calculate the rate at which axions are lost from axion stars from these inelastic reactions. In dilute systems of axions, the dominant inelastic reaction is axion decay into two photons. In sufficiently dense systems of axions, the dominant inelastic reaction is the scattering of four nonrelativistic axions into two relativistic axions. The scattering of odd numbers of axions into two photons produces monochromatic radiofrequency signals at odd-integer harmonics of the fundamental frequency set by the axion mass. This provides a unique signature for dense systems of axions, such as a dense axion star or a collapsing dilute axion star.
Introduction. The particle nature of the dark matter of the universe remains one of the greatest mysteries in contemporary physics. One of the most strongly motivated possibilities from a particle physics perspective is the axion [1] , which is the pseudo-Goldstone boson associated with a U (1) symmetry that solves the strong CP problem of QCD. The axion is a spin-0 particle with a very small mass and extremely weak self-interactions. Nonrelativistic axions with high occupation numbers can be produced in the early universe by a combination of the cosmic string decay mechanism [2, 3] and the vacuum misalignment mechanism [4] [5] [6] . The vacuum misalignment mechanism produces coherent axions.
A metastable gravitationally bound configuration of axions is called an axion star. The ground state of an axion star is a Bose-Einstein condensate (BEC). In the well-known solutions for axion stars, the attractive forces from gravity and from the 4-axion interaction are balanced by the kinetic pressure [7, 8] . We refer to these solutions as dilute axion stars, because the number density remains small enough that 6-axion and higher interactions are negligible. There is a critical mass M * for the dilute axion star beyond which the kinetic pressure is unable to balance the attractive forces. There may also be dense axion stars, in which multi-axion interactions play an important role in the balance of forces [9] .
Spacial fluctuations in the vacuum misalignment of the axion field in the early universe naturally produce gravitationally bound "miniclusters" of axions with total mass in a range that includes the critical mass M * of a dilute axion star [10, 11] . Sikivie and collaborators have pointed out that gravitational interactions can thermalize axion dark matter [12, 13] . They drive an axion minicluster towards an axion star and then towards its BEC ground state. Gravitational thermalization also allows the axion star to accrete more axions. If accretion of axions increases the mass of the dilute axion star to above M * , it will collapse. The fate of a collapsing axion star has not been established. One possibility is that it collapses to a black hole [14] . Another possibility is a bosenova, in which a burst of relativistic axions is produced by inelastic axion reactions amplified by the increasing density [17] . Such a phenomenon has been observed in collapsing BECs of ultracold atoms [15] . One possibility for the remnant after the collapse is a dense axion star [9, 16] .
The number of nonrelativistic axions is almost conserved. The number can be decreased by inelastic reactions in which any odd number of axions annihilates into two photons or any even number of axions scatters into two relativistic axions. In this paper, we calculate the loss rate of axions from axion stars. We also point out that monochromatic radio-frequency signals at oddinteger harmonics of a fundamental frequency provides a unique signature for dense systems of axions, such as a collapsing dilute axion star or a dense axion star.
Relativistic axion field theory. Axions can be described by a relativistic quantum field theory with a real scalar field φ(x). The Hamiltonian has the form
The potential V is a periodic function of φ with period 2πf a , where f a is the axion decay constant. The product m a f a of the mass of the axion and its decay constant is (8 × 10 7 eV) 2 [1] . Astrophysical and cosmological constraints restrict f a to the window between about 5×10
17 eV and about 8×10 21 eV [1] . The window for m a is therefore from about 10 −6 eV to about 10 −2 eV. The expansion of V in powers of φ determines dimensionless arXiv:1609.05182v1 [hep-ph] 16 Sep 2016 coupling constants λ 2j for axion self-interactions:
The relativistic axion potential V is produced by nonperturbative QCD effects, and it depends on quark mass ratios [19] . It can be approximated by the chiral potential [18] :
where z = m u /m d is the up/down quark mass ratio. For z = 0.48, the first few coupling constants are λ 4 = −0.34, λ 6 = −0.13, and λ 8 = −0.87. A simple model for the relativistic potential is the instanton potential:
for which the coupling constants are λ 2n = (−1) n+1 . The Lagrangian for the coupling of the axion to the electromagnetic field is
where α ≈ 1/137 and c em is a numerical coefficient that depends on the axion model [1] . For example, c em = −1.95 for the simplest KSVZ model [20, 21] and c em = 0.72 in a simple DFSZ model [22, 23] . The decay rate of the axion into two photons is
In the simplest KSVZ model with m a = 10 −4±2 eV, the axion decay rate is Γ a = 6×10 −60±10 eV. (Here and below, upper and lower error bars in an exponent correspond to increasing and decreasing m a by two orders of magnitude from 10 −4 eV.) The axion lifetime is 3 × 10 36∓10 years. This is tens of orders of magnitude larger than the lifetime of the universe, which is about 10 10 years. The relativistic axion potential implies that there are inelastic reactions that change the axion number, such as (2j)a → 2a with j ≥ 2. By the optical theorem, the rate for (2j)a → 2a is proportional to the imaginary part of the amplitude for (2j)a → (2j)a from two-axion cuts. Since each axion loop is suppressed by a factor of m can be described by a nonrelativistic effective field theory called axion EFT with a complex scalar field ψ(r, t) [24] . The effective Hamiltonian has the form
In the case of an axion BEC, the effective potential V eff gives the mean-field energy of the condensate as a function of its number density ψ * ψ. The expansion of the V eff in powers of ψ * ψ defines dimensionless coupling constants v j for axion self-interactions:
The coupling constants v j can be derived by matching low-energy scattering amplitudes at tree level in the relativistic theory and in axion EFT [24] . The first few coupling constants are v 2 = λ 4 , v 3 = λ 6 − 17λ 2 4 /8, and
The Hamiltonian for axion EFT has a U (1) phase symmetry. The associated conserved quantity is the number N of low-energy axions defined by
Reactions in the relativistic axion theory that decrease the number of low-energy axions cannot be described explicitly within axion EFT, but their effects on nonrelativistic axions can be reproduced by the imaginary part of the effective potential, which we denote by −iW eff . By the optical theorem, the rate for (2j)a → 2a with j ≥ 2 is proportional to the imaginary part of the elastic scattering amplitude for (2j)a → (2j)a. The low-energy limit of the imaginary part of this amplitude is reproduced in axion EFT by the vertex from the (ψ * ψ) 2j term in W eff . Since W eff comes from matching one-loop diagrams in the relativistic theory, it is suppressed by a factor of m 2 a /f 2 a relative to V eff . It can be expanded in powers of ψ * ψ:
The tree diagrams for 4a → 2a and 6a → 2a in the relativistic theory are shown in Figs. 1 and 2, respectively. They determine the dimensionless coupling constants for the (ψ * ψ) 4 and (ψ * ψ) 6 terms in Eq. (10):
For the chiral potential in Eq. (3) with z = 0.48, these coefficients are w 3 = 5.1×10 −4 and w 4 = 7.9×10 −3 . For the instanton potential in Eq. (4), they are w 3 = 0 and w 4 = 0. We have verified that w 5 is also zero for the instanton potential. We have no deep explanation for the vanishing of these coefficients.
The decay of the axion into two photons cannot be described explicitly within axion EFT, because the energies of the photons in the axion rest frame are m a /2, which is beyond the range of validity of the low-energy effective theory. However the effects of the decay on nonrelativistic axions can be reproduced by a term −iΓ a ψ * ψ/2 in the effective Hamiltonian density, where Γ a is the decay rate in Eq. (6). In the relativistic theory, any larger odd number 2j + 1 of axions can also annihilate into two photons. By the optical theorem, the rate for (2j +1)a → γγ is proportional to the imaginary part of the amplitude for (2j + 1)a → (2j + 1)a through a photon loop. The lowenergy limit of the imaginary part of this amplitude is reproduced in axion EFT by the vertex from the (ψ * ψ) 2j+1 term in an additional imaginary part of the effective potential that we denote by −iW em . That potential can be expanded in powers of ψ * ψ:
The tree diagrams for 3a → γγ and 5a → γγ in the relativistic theory are shown in Fig. 3 . They determine the dimensionless coupling constants for the (ψ * ψ) 3 and (ψ * ψ) 5 terms in Eq. (12):
For the chiral potential with z = 0.48, these coefficients are u 2 = 0.15 and u 3 = 4.8 × 10 −4 . For the instanton potential, they are u 2 = 1.3 and u 3 = 5.5.
The imaginary parts of the effective potential, W eff in Eq. (10) and and W em in Eq. (12) , are functions of ψ * ψ, so they are invariant under the U (1) symmetry. The effective Hamiltonian obtained by adding −i(W eff + W em ) to the effective potential V in Eq. (7) therefore commutes with the number operator N in Eq. (9) . This may seem to suggest that the time evolution generated by the effective Hamiltonian conserves the number N of low-energy axions. However it is intuitively obvious that the number of low-energy axions must decrease with time as inelastic reactions convert nonrelativistic axions into pairs of relativistic axions or into pairs of photons. The resolution to this puzzle is that the effective density matrix for lowenergy axions evolves in time according to a Lindblad equation, with local Lindblad operators that are determined by the local anti-Hermitian terms in the effective Hamiltonian [25] .
Axions can be lost from an axion star by the inelastic reactions (2j)a → 2a for any j = 2, 3, . . . and (2j + 1)a → γγ for any j = 0, 1, 2, . . .. The local rate of decrease in the number density n = ψ * ψ of a BEC of nonrelativistic axions from (2j)a → 2a is given by the (ψ * ψ) 2j term in W eff in Eq. (10) multiplied by 2j. The local rate of decrease in n from (2j + 1)a → γγ is given by the (ψ * ψ) 2j+1 term in W em in Eq. (12) multiplied by 2j + 1. The total loss rate for nonrelativistic axions is obtained by adding all the terms in the local loss rate and integrating over the volume of the star:
where n k is the density-weighted average of a power of the number density: n k = d 3 r n k+1 /N . In Ref. [26] , the authors proposed a mechanism for the decay of axion stars in which three axions from a BEC make a transition to a single relativistic axion. The reaction 3a → a violates conservation of energy and momentum. The authors suggested that momentum conservation can be ignored, because a tiny recoil momentum of the entire star would allow momentum to be conserved. However there is no physical mechanism that can effec-tively transfer momentum from the few axions participating in the reaction to the many axions that make up the star. That the 3a → a reaction is not a viable mechanism for the loss of low-energy axions is clear from axion EFT. In the low-energy limit, the amplitude for 3a → a → 3a in the relativistic theory is reproduced in axion EFT by the coupling constant v 3 for the (ψ * ψ) 3 term in W eff in Eq. (10). The coupling constant for this operator has an imaginary part proportional to u 2 from the 3a → γγ reaction, but it has no imaginary part that would correspond to a 3a → a reaction. That the reaction 3a → a proposed in Ref. [26] is not a viable mechanism for the emission of axions from a BEC is also clear from experiments on BEC's of ultracold atoms [27] [28] [29] .
The dominant mechanism for the loss of atoms is usually the 3-body recombination reaction 3a → (aa) + a, where (aa) represents a diatomic molecule [30] . This reaction conserves energy and momentum.
Dilute axion stars. Approximate solutions for dilute axion stars were first found numerically by Barranco and Bernal [7] using the relativistic axion field theory with the instanton potential V in Eq. (4) and with gravitational interactions described by general relativity. Accurate solutions were obtained more simply by Chavanis and Delfini using a nonrelativistic axion field theory with the effective potential V eff truncated after the (ψ * ψ) 2 term and with gravitational interactions described by Newtonian gravity [8] . They obtained an analytic result for the critical mass M * above which there are no stable spherically symmetric solutions:
If m a = 10 −4±2 eV, the critical mass is for the chiral potential with z = 0.48 is 10 −13∓4 M , where M is the solar mass. The solutions for axion stars are conveniently parametrized by the central number density n 0 . The critical value of the dimensionless central densitŷ
for the chiral potential with z = 0.48. We refer to the branch of axions stars with masses extending up to the critical mass M * in Eq. (15) as dilute axion stars, because the number density is always small enough that V eff in Eq. (8) can be truncated after the (ψ * ψ) 2 term. In a dilute axion star, the kinetic pressure of the axions balances the attractive forces from gravity and from axion pair interactions.
The dominant contribution to the loss rate of axions from a dilute axion star is from the decay a → γγ. The lifetime of the dilute axion star is therefore the same as the lifetime 1/Γ a of the axion. Other individual contributions to the axion loss rate in Eq. (14) are shown in Fig. 5 as functions of the mass M of the dilute axion star. At the critical mass M * , the loss rate from 3a → γγ is suppressed by about 10 −32 . For the chiral potential, the loss rate at M * from 4a → 2a is suppressed by about 10 −47 . For the instanton potential, the operators in Eq. (10) give no contribution to the loss rate from (2j)a → 2a, at least for j = 2, 3, 4. For j = 2, the largest contribution comes from gradient operators, such as ψ * ψ∇ψ * ·∇ψ. The two gradients give an additional suppression factor of |µ|/m a , where µ is the chemical potential. The chemical potential at the critical mass M * is −36|λ 4 
. Thus the suppression factor |µ|/m a is about 10 −17∓4 at M * . As the mass M decreases, the fractional loss rates in Fig. 5 decrease. For M M * , the fractional loss rate from 3a → γγ decreases roughly as M 8.3 for the chiral potential and M 8.7 for the instanton potential. The fractional loss rate from 4a → 2a decreases roughly as M 12.4 for the chiral potential.
Dense axion stars. The possibility of other branches of much denser axion stars has recently been suggested [9] . In a dense axion star, the number density ψ * ψ becomes too large for the effective potential V eff to be approximated by a truncation of its expansion in powers of ψ * ψ. The attractive force of gravity and the repulsive force from the kinetic pressure are balanced by the meanfield pressure of the axion BEC. In Ref. [24] , a systematically improvable sequence of approximations to the effective potential of axion EFT that resum terms with all powers in of ψ * ψ was developed. For the instanton potential in Eq. (4), the first in this sequence of approximations to V eff is
). This effective potential was derived previously by using a nonrelativistic reduction of the relativistic axion field theory [31] . For the chiral potential in Eq. (3), there is no analytic expression for the effective potential analogous to Eq. (16) . In Ref. [9] , the differential equations for axion EFT with the instanton effective potential in Eq. (16) and with gravitational interactions described by Newtonian gravity were solved to obtain solutions for dense axion stars. For m = 10 −4±2 eV, the branch of dense axion stars begins at a lower critical mass 1.2 × 10 −20∓6 M . The lower critical mass for the chiral potential is not known. For the instanton potential, the dimensionless central densityn 0 is 13 at the lower critical mass. The accurate numerical solution of the differential equations for the axion star becomes increasingly challenging asn 0 increases. The mean-field energy of the axion BEC also becomes increasingly large compared to the kinetic energy of the axions. The solution can therefore be simplified using the Thomas-Fermi approximation, in which the kinetic energy term for the axion field in the differential equations for the axion star is neglected [33] . The Thomas-Fermi approximation was used in Ref. [9] to extend the branch of dense axion stars up to the upper endpoint 1.9 M , beyond which there is no solution within this approximation. For the effective chiral potential analogous to Eq. (16), it is relatively easy to calculate the solutions for dense axion stars using the Thomas-Fermi approximation.
The individual contributions to the axion loss rate in Eq. (14) from a dense axion star are shown in Fig. 5 as functions of the mass M of the axion star. For the chiral effective potential analogous to Eq. (16) with z = 0.48, the solutions for dense axion stars were calculated using the Thomas-Fermi approximation. This approximation begins to break down a few orders of magnitude above the lower critical mass. Since the Thomas-Fermi approximation does not predict such a critical point, the fractional loss rates in Fig. 5 for the chiral potential have been extended all the way to the left end of the plot. The fractional loss rates in Fig. 5 increase very slowly over most of the range of M . That range includes the critical mass M * for a dilute axion star. For the chiral potential with z = 0.48, the largest loss rate is from the reaction 4a → 2a. At the critical mass M * for a dilute axion star, the loss rate from 6a → 2a is smaller by a factor of 0.9 and the loss rate from a → γγ is smaller by a factor of 3 × 10 −5 . For the instanton potential, the largest loss rate from producing relativistic axions may come from a gradient operator, such as ψ * ψ∇ψ * ·∇ψ. At M * , this loss rate has Thomas-Fermi suppression on top of the suppression by |µ|/m a , which is about 10 −16∓4 . Even if the loss rates from the reactions (2j + 1)a → γγ are orders of magnitude smaller than the loss rates from (2j)a → 2a, these reactions may still be important because they produce monochromatic photons in the radiofrequency range that could be observed. At the critical mass M * for a dilute axion star, the fractional loss rates for a dense axion star from 3a → γγ and from 5a → γγ are smaller than Γ a by 3 × 10 −2 and by 5 × 10 −6 for the chiral potential. The fractional loss rates from 3a → γγ and from 5a → γγ are smaller than Γ a by 0.29 and by 0.10 for the instanton potential.
Odd-integer harmonics. One of the most puzzling discoveries in astrophysics in recent decades is fast radio bursts [34] . There are proposed mechanisms for fast radio bursts involving monochromatic radio-frequency signals from dilute axion stars. Iwazaki suggested that a signal with frequency m a could be produced in the collision of a dilute axion star and a neutron star by coherent electric-dipole radiation from electrons in the atmosphere of the neutron star [35] . Tkachev suggested that a signal with frequency m a /2 could be produced by a maser mechanism in a collapsing dilute axion star [36] . Raby recently suggested that a signal with frequency m a could be produced in the collision of a dilute axion star and a neutron star by coherent electric-dipole radiation from neutrons in the outer core of the neutron star [37] . With any of these mechanisms, odd-integer harmonics of the fundamental frequency should also be produced, but at rates smaller by tens of orders of magnitude. For the analogous mechanisms involving a dense axion star or any other dense systems of axions, each successive oddinteger harmonic may only be smaller by one or two orders of magnitude. While cosmological and gravitational red shifts can change the fundamental frequency determined by m a , they will not affect the odd-integer ratios of the harmonics. Thus monochromatic radio-frequency signals at odd-integer harmonics of a fundamental frequency are a unique signature for dense axion stars and collapsing dilute axion stars.
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